We have analytically explored the phenomenon of quantum scattering for unfixed quantum scatterers. We have considered short ranged (δ 3 ) interaction between the incident 'particle' and the scatterer with no interactions among the scatterers, and the scatterers as (i) particle(s) in a 1-D box, (ii) particle(s) in a 1-D double box, (iii) particle(s) in a 1-D grating, (iv) particle(s) in a 2-D rectangular box, (v) particle(s) in a 3-D harmonic trap, (vi) Bose-Einstein condensates in a double well, (vii) Bose-Einstein condensates in an optical lattice, etc. Coherent scattering from all possible positions of the quantum scatterers in the finite geometry gives rise to rich physics. We have predicted differential scattering cross-section for 'particle' scattering, not only for the above cases, but also for 3-D harmonically trapped Bose and Fermi gases in thermodynamic equilibrium. Our predictions can be tested within the present day experimental setups.
I. INTRODUCTION
In the existing literature, quantum scattering is discussed only for classical scatterers which are mostly fixed in space, or if not fixed, are having classical motions. There is hardly any theoretical discussion on quantum scattering for an unfixed quantum scatterer bounded in a region of space except an attempt for 3-D harmonically trapped Bose-Einstein condensate [BEC] within Thomas-Fermi approximation [1] . 'Particle' can be scattered coherently from each and every point of the region of space of the quantum scatterer if it is fired onto the region. Thus, we naturally take up discussion on quantum scattering for wide class of unfixed quantum scatters not only to increase the volume of information on quantum scattering but also to introduce quantum scattering with quantized motions of the scatterers as a probe.
If a plane wave (e ikz ) associated with a free particle ('particle') of a fixed momentum (p = kk) is scattered by a fixed scatterer with the interacting potential (V int (r)), then spherical waves ( e ikr r ) go out of the scatter (situated at r = 0) with a scattering amplitude (f (p) (θ, φ)) to a particular direction (θ and φ) with respect to the initial direction (k). Now, if the scatterer be not fixed, say, the scatterer is a particle in a 1-D box (−L/2 < x 0 < L/2), then the 'particle' would be scattered coherently from all the positions ({x 0 }) with probability density |ψ n (θ, φ) which now depends on the quantum state (|ψ (p) n >) of the scatterer. Small angle neutron scattering from quantum dot was investigated by Pinero et al without precisely probing quantized motion of the scatterers in it [2] . 'Particle' scattering for a dense coherent medium has also very recently been studied experimentally and theoretically by Bromley et al [3] . But, they did not probe quantized motion of the particles of the dense medium. Although, elastic light scattering from unfixed scatterers, like those in BEC, quantum dot, etc, was widely investigated experimentally [4] [5] [6] [7] [8] and theoretically [9] [10] [11] [12] [13] [14] before, as far as we know, dependence of the quantum sate of the scatterer on the scattering amplitude for a (nonzero mass) 'particle' was never widely investigated before us.
This article is organized as follows. In section II, we have revisited the quantum scattering theory for a classical scatterer, and have calculated the scattering amplitude (f (p) (θ, φ)) for a delta potential (V int (r) = gδ 3 (r)) within the Born approximation [15] . Section III has been devoted for the generalization of the quantum scattering theory for quantum scatterers, in particular, for (i) particle(s) in a 1-D box, (ii) particle(s) in a 1-D double box, (iii) particle(s) in a 1-D grating, (iv) particle(s) in a 2-D rectangular box, (v) particle(s) in a 3-D harmonic trap, (vi) Bose-Einstein condensates in a double well, (vii) Bose-Einstein condensates in an optical lattice, etc. For all these cases, we have calculated the coherent scattering amplitude (f (p) n (θ, φ)) within the Born approximation, and have considered the same interacting potential (V int (r) = gδ 3 (r)) between the incident 'particle' and the scatterer. In the same section, we also have revisited the phenomenon of diffraction of the 'particle' as a problem of quantum scattering specially when it arXiv:1606.02804v1 [quant-ph] 9 Jun 2016 passes through an aperture [16] , and have calculated the corresponding aperture scattering amplitude (f (a) (θ, φ)) for all the cases. We have calculated the total scattering amplitude f n (θ, φ) = f (p) n (θ, φ) + f (a) (θ, φ), and have plotted the total differential scattering cross-section (D n (θ, φ) = |f n (θ, φ)| 2 ) for all the cases. In the same section, we also have investigated temperature dependence of the total differential scattering cross-section for all the cases of Bose and Fermi scatterers, and specially investigated 'particle' scattering from a 3-D harmonically trapped Bose-Einstein condensate, Bose-Einstein condensates in a double well, and Bose-Einstein condensates in a 1-D optical lattice. Finally, we have summarized our findings in the concluding section IV.
II. QUANTUM SCATTERING FOR A CLASSICAL SCATTERER
Classical scattering theory deals with the scattering of an incident particle from a fixed scatterer. The phenomenon of scattering is characterized by the initial momentum ( k) of the incident particle, an impact parameter b, and the local interacting potential V int (r) between the incident particle and the fixed scatterer. From these parameters, we can find out, by using Newton's equation of motion, the scattering angle (θ, and also the azimuthal angle φ) of the incident particle after scattering from the fixed scatterer with respect to the centre of the interaction [15] .
On the other hand, in quantum scattering theory we deal with the time independent Schrodinger equation [15] 
Scattering of the incident particle of the given momentum k is recast, as, scattering of a 'particle' (i.e. scattering of a plane wave ψ in ≡ e ik·r associated with the incident particle) due to the interacting potential (V int (r), where r is the position of incident particle with respect to the fixed scatterer), into outgoing spherical waves (ψ out ≡ e ikr r ) with respect to the scatterer as well as to the centre of the interacting potential. Here we further consider, that, V int (r) → 0 for r → ∞, so that the total energy (E) of the incident 'particle' is always E = 2 k 2 2m in the course of scattering. The incident wave, of course, is the solution to Eqn.(1) in absence of the source of scattering (V int (r) = 0), and the outgoing spherical wave is the solution to Eqn. (1) in presence of the source of scattering (V int (r) = 0) but in a region kr 1 (i.e. in the radiation zone) where V int (r) → 0. Thus, in quantum theory of scattering, the general form of the solution to Eqn. (1) , in the radiation zone, takes the form [15] 
where |A| 2 is proportional to the intensity of the incident 'particle'. From this information, in the quantum scattering theory, we can find out the scattering (probability) amplitude (f (p) (θ, φ)) of the out going spherical waves to a particular direction (θ, φ) with respect to the direction of the incidence. While in the partial wave analysis formalism [38] , the scattering amplitude in Eqn.(2) takes the form [15] 
where C l,m is a partial wave amplitude and Y l,m (θ, φ) is a spherical harmonics; in the Born approximation formalism [39] , the scattering amplitude in Eqn. (2) , within the first order, takes the form [15] 
where r 0 represents a source of scattering point, |k | = |k| = k, and
While the partial wave analysis formalism is useful for a certain class of scattering problems where there is a rigid boundary (e.g. hard sphere scattering), Born approximation is widely useful for a certain class of scattering problems where there is no rigid boundary (e.g. soft sphere scattering, Yukawa scattering, Rutherford scattering, etc.) [15] . For the rest of this article, we are interested in the interacting potential V int (r) = gδ 3 (r), which although simplifies the actual interaction, yet is highly useful for collisions in a cold gas of atoms [17] [18] [19] , and extracts rich physics [20] .
For V int (r) = gδ 3 (r), Eqn.(4) takes the form
The scattering amplitude is independent of θ and φ for low energy (kr 0 1) scattering, so that, s-wave scattering length can be conveniently defined, low energy scattering, as a s = −f (p) (θ, φ). Thus, we can relate the coupling constant (g) in Eqn. (5) with the s-wave scattering length as g = 2π 2 as m . In Eqn. (5), we have considered the scatterer to be fixed. If it is not fixed rather having a relative motion, and if the interacting potential still remains the same, then the scattering amplitude would be modified to
whereμ = mM m+M is the reduced mass and M is the mass of the scatterer. Eventually, the coupling constant, for this case, would be g = for two identical particles in relative motions [20] .
In Eqn.(6), although we have considered relative motion for the scatterer, yet the scatterer is still classical as we have not quantized motion of the scatterer. Quantum scattering of the 'particle' with (both the first and the second) quantized motions of the scatterers was not essentially studied before. In section III, we have studied the same for scatterers as (i) particle(s) in a 1-D box, (ii) particle(s) in a 1-D double box, (iii) particle(s) in a 1-D grating, (iv) particle(s) in a 2-D rectangular box, Let M be the mass and x 0î be the position of a particlescatterer in a 1-D box of length L, such that, −L/2 < x 0 < L/2. If we quantize ([x 0 ,p 0 ] = i 1) motion of the scatterer, then we get an orthonormal and complete set of quantized energy eigenstates, for the Dirichlet boundary condition, as, Energy eigenvalues corresponding to the states {ψ
Let us now consider a 'particle', i.e. a plane wave Ae ikz associated with a particle of mass m and momentum kk, be incident perpendicularly on the box as well as on the scatterer. In this situation, for m M (or forμ → m), quantized motion of the scatterer will not be altered, rather the 'particle' will be scattered from all the points −L/2 < x 0 < L/2 in the box simultaneously[40] with probability density {|ψ
n > be the initial state of the scatterer. If r be the position of the incident particle such that, r = 0, the centre of the box, is the origin, then the δ 3 interaction, as we have expressed before, between the incident particle at r and the scatterer at x 0î , can be expressed as
Eqn.(6) can be recast, using Eqn. (8) , for this problem, as,
Eqn. (8) will not be the correct expression of the scattering amplitude if x 0î is not a fixed point. It can be correct provided, the scattering has happened only from r = x 0î . However, the quantum scattering has happened from all the points −L/2 < x 0 < L/2 simultaneously with respective probability density {|ψ
n (x 0 )| 2 }. Thus, the particle-scattering amplitude for the scatterer in the quantum state |ψ (p) n >, can be written, using Eqns. (7) and (9), as,
where q x = k sin(θ) cos(φ)/2. We are calling it particlescattering amplitude instead of scattering amplitude, as because, it is the result due to the particle-scatterer only. Eqn.(10) is our desired particle-scattering amplitude for the quantized motion of the scatterer in a 1-D box. Here, the second factor (sinc(q x L) = sin(qxL) qxL ) appears like scattering from the space between two consecutive nodes ('scattering slit') of the energy eigenstate of the scatterer, and the third factors ( n (θ, φ), there is the principal maximum at q x = k sin(θ) cos(φ)/2 = 0, two subprincipal maxima [41] at q x = k sin(θ) cos(φ)/2 = ±nπ/L, and secondary maxima at q x = k sin(θ) cos(φ)/2 = (2n − 1)π/2L. Energy state of the quantum scatterer can be detected from the position of the sub-principal maxima in the spectrum of the differential scattering cross-section (D
It is also possible to obtain result for the classical scatterer in a 1-D box from the same equation (Eqn. (10)). The scatterer must be fixed for L → 0. Thus, putting L → 0 in Eqn. (10) we get back the same result (f 
) for the classical unfixed scatterer, as if, for this case, probability density of scattering is the same (
) for all the points −L/2 < x 0 < L/2. So, classical limits can be reached either for L → 0 or for n → ∞. These are the main differences between quantum scattering from a quantum scatterer and quantum scattering from a classical scatterer.
Contribution of the aperture to the quantum scattering
In the previous subsection, we have considered contribution of the particle-scatterer only to the quantum scattering. But, even an empty box can scatter a 'particle' (wave: Ae ikz ) when incident on it, almost like the phenomenon of single slit diffraction.
According to Fresnel-Kirchoff formalism for scalar diffraction, if ψ in = Ae ikz be the scalar field (wave) incident with an angle θ 0 on a plane surface S of an aperture, then due to diffraction through the aperture, the scalar field at the point P far away from the aperture, is given by [16, 21] [43]
where r is the distance of the point P from an arbitrary point on the surface of the aperture, and θ is the angle of r with the normaln of the surface. For normal incidence (θ 0 = 0) and the Fraunhofer diffraction in the radiation zone, we recast Eqn. (11), as, [22] 
where r = r 0 + r is the position of the point P from the centre of the surface of the aperture, r 0 is a point on the surface, r r 0 , z = 0 on the surface, x 0 and y 0 are the respectively x and y coordinates of a point on the surface. From Eqn. (11) for we get the aperturescattering amplitude, comparing with the form of ψ out in Eqn. (2), for a rectangular aperture
where q y = k sin(θ) sin(φ)/2. We are calling it aperturescattering amplitude instead of scattering amplitude, as because, it is the result due to the aperture only. Eqn. (13) is a result for a 2-D rectangular aperture. We can reach our desired 1-D result from here. To get the result for the 1-D aperture (box) as already mentioned in the previous sub-subsection, we have to put L/D 1 and kD 1 keepingĀ = DL nonzero finite constant in Eqn. (13) . As Dk 1, sinc(q y D) → 0, except (sinc(q y D) → 1) for two nontrivial cases, we have φ = 0 (+ve x-axis) and φ = π (-ve x-axis). Thus, aperturescattering amplitude for the 1-D aperture, can be obtained from Eqn. (13) , as
3. Total scattering amplitude for the quantum scatterer in the 1-D box
Total scattering amplitude for the scatterer in the 1-D box, is given by the superposition of the contributions in Eqns. (10) and (14), as,
It is interesting to note, that, while the -ve sign [44] in the expression of f
n (θ, φ) refers to π phase difference with respect to that of the incident wave, e −iπ/2 in the expression of f (a) (θ, φ) refers to −π/2 phase difference with respect to that of the incident wave. Thus, the particle-scattering amplitude and the aperture-scattering amplitude neither interfere constructively nor interfere destructively. While the scattering due to the particle is taking place in all direction, that due to the aperture is taking place only along the +ve and -ve sides of the x axis. Here, we could express the coupling constant g = 2π 2 as m in terms of the s-wave scattering length a s , and the wavenumber k = 2π λ in terms of wavelength λ also. However, the total differential cross-section, which is a measurable quantity, can be obtained from Eqn. (15), as,
. (16) Total scattering cross-section, of course, is given by
It is interesting to note from Eqn. (16) , that, the differential scattering cross-section due to the particle and that due to the aperture are comparable ifĀ ∼ λ|a s |. Typical values of a s for alkali atoms are roughly 20 a 0 to 100 a 0 . Dust particles in air in a single slit hardly disturbs the intensity distribution (differential cross-section) due to the aperture-scattering (diffraction), as because, in the usual experimental setups, we haveĀ λ|a s |. However, in the nano-length scale, in particular for quantum dots, it is possible to achieveĀ λ|a s |. In this situation, the diffraction pattern would be greatly modified due to presence of even a single particle in the 1-D box (single slit), and, how it would be modified, can be answered from Eqn. (16) .
We plot the differential cross-section (intensity distribution) in FIG. 1 for relevant values of parameters for the scatterer(s) in the 1-D box. This intensity distribution is experimentally observable. It is interesting to note, that, the sub-principal maxima in FIGs. 1(a) & (b) is happening at nλ sin θ cos φ = L, specially when integral multiple of the wavelength matches with the length of the 1-D box for the scattering to the perpendicular direction (θ = π/2, φ = 0, π). From the positions of these maxima in the plot one can determine the energy eigenstate |ψ (p) n > of the scatterer if occupies a pure state. For forward scattering (θ = 0) and repulsive interaction (a s > 0), height of the pick of the intensity distribution would be maximum for a s =Ā λ ; and for forward scattering (θ = 0) and attractive interaction (a s < 0), height of the pick of the intensity distribution would be minimum for a s = −Ā λ . Thus, just by adjusting wavelength and length of the 1-D box, one can determine s-wave scattering length of the scattered particle.
Temperature dependence of the scattering amplitude
Let us now consider the situation, that, the scatterer in the 1-D box be a subsystem, and it is in thermal equilibrium with its surroundings at temperature T . In this situation, aperture-scattering amplitude f (a) (θ, φ) would be unchanged as it is. Modification would be there only in the particle-scattering amplitude part f (p) n (θ, φ). In this situation, the scatterer would be in a mixed state except for T → 0. In the mixed state, the energy eigenstate |ψ
, where
is the canonical partition function. While for T → 0, we have P n = δ n,1 ; for T → ∞, we have P n = constant ∀n. However, in thermal equilibrium, average scattering amplitude, due to the particle, would bē
which, for T → 0, would becomē
On the other hand, for T → ∞, scatterer behaves classically, so that, we can conveniently take n → ∞ in Eqn. (10) . Thus we can read Eqn. (17), for T → ∞, as
Eventually, we can replace f
T (θ, φ) (as in Eqn. (17)) everywhere, specially in Eqns. (15) and (16), to get the temperature dependence of the average coherent scattering amplitude and that of the differential scattering cross-section respectively. Let us now consider two noninteracting particlescatters in the 1-D box, and both of them interact similarly with the incident 'particle' with the interacting po-
] where x 1î and x 2î are positions of the two scatterers in the box. If their positions are fixed, then particle-scattering amplitude, for these two scatterers, can be generalized from Eqn. (9) , as
However, our interest is not in the fixed scatterers, rather in two unfixed quantum scatterers. If the two scatterers are distinguishable, then, their energy eigenstates can be given by
and, for odd n even j, and vice-versa,
Thus, contribution of the two distinguishable scatterers to the particle-scattering amplitude would be generalized from Eqn. (10) to
. (22) From Eqn. (22), we can generalize expression of the total differential scattering cross-section in Eqn. (16) for the two distinguishable scatters keeping the aperture scattering part unchanged. It is now clear from Eqn. (22) , that, there would be four sub-principal maxima in the differential scattering cross-section for the case of the two distinguishable scatterers.
Above expression in Eqn. (22) can be similarly generalized for many (N ) identical and distinguishable noninteracting scatterers in the 1-D box, as,
It is quite natural to expect, that, the expression in Eqn. (23) But, it is not the case here. Surprisingly, all the exchange terms in the quantum many scatterers' (bosons or fermions) state (|ψ (p) n1,n2,...,n N >) when integrated with the exponentials, like those in Eqn. (22) , are zero; e.g. for two Bose or Fermi scatterers an integration with the exchange terms would be ±
/L]dx 2 = 0, due to orthogonality of the single particle eigenstates for odd n = j. (25), (26) and (27) respectively.
Thus, Eqn. (23) is also the result of the particle-scattering amplitude, for N Bose or Fermi scatterers, having en-
Eqn. (23) must not be the result for fermions ( of the same spin component) if n i = n j as n i = n j is not allowed for fermions. Interparticle interactions among the scatterers would perturbatively modify Eqn.(23) for dilute case, and the modification would come from the replacement of sinusoidal functions in Eqn. (7) by Jacobi elliptic function [23] ).
However, in thermodynamic equilibrium with a heat and particle bath at temperature T and chemical potential µ, energy distribution is different for different type (distinguishable, boson, fermion) of scatterers. Thus, particle-scattering amplitude would be different for identical bosons, fermions and distinguishable particles in thermodynamic equilibrium. Average particle-scattering amplitude, for our system of interest, can now be generalized from Eqn. (17), replacing one-scatterer probability by average no. of scatterersn j in single-scatterer state |ψ
for Bose (−) or Fermi (+) scatterers, and
Eqn. (24) can be generalized by multiplying the sinc function and the fraction terms each for one independent direction for the scatterers in a 2-D or 3-D box. Interparticle interactions among the scatterers would further perturbatively modify Eqn. (24) for dilute case, and modification can be done by recastingn j keeping its form unaltered within Hartree-Fock approximation [24, 25] .
However, low and high temperature limits of Eqn.(24) can be easily taken from Eqn. (23) . For the Bose scatterers, at T → 0 (and also µ → E 1 for fixedN = jn j → N ), all the scatterers occupy the single-particle ground state (n 1 = N ). Hence, for this case, Eqn. (24) would take the form
For Fermi scatterers, at T → 0 (and also
, only the first N single-particle states from the ground state onward would be occupied, i.e.n j = 1 for j ≤ N andn j = 0 otherwise). Thus, for this case, Eqn. (24) would take the form
where h n (x) is a harmonic number, and h n (N + x) − h n (N − x) vanishes as 1/N for large N . On the other hand, for T → ∞, the scatterers behave classically, so that, we can conveniently take the limit j → ∞ in Eqn. (23) as well as in Eqn. (24) . Thus, for this case, Eqn. (24) would take the form
This equation is applicable for identical classical scatterers. Eqns. (25), (26) , and (27) 15Å2 , and typical number density of air molecules in normal temperature and pressure isn = 2.5 × 10 −5Å−3 which corresponds to total N 8.7 × 10 11 molecules in the slit. But, the required number of air molecules, to get the single slit diffraction pattern be modified due to the Rayleigh scattering in the aperture of slit, would be N req Ā λas
× 10
17 , i.e., we need to increase the density of air molecules approximately 7.2 × 10 7 times. However, in nano-length scale, for 'particle' scattering, even a single particle in a 1-D box (single slit) is enough to greatly modify the diffraction pattern. Let us now consider two 1-D boxes (i.e. a double slit) of length L each separated by a distance b + L = jL + L (where j = 0, 1, 2, ...) along x axis such that, ends of the left box are at x 1 = −(j + 2)L/2 and x 1 = −jL/2, and ends of the right box are at x 2 = jL/2 and x 2 = (j + 2)L/2. Two boxes are containing one particle-scatterer each, and the scatterers interact only with the incident 'particle' by the delta potential
, where x 1î and x 2î denote positions of scatterers in the left and right boxes respectively. Let individual normalized quantum states of the scatterers in the left and the right boxes are |ψ (p) n > and |ψ (p) n > respectively, so that, we have ψ
where n, n = 1, 2, 3, .... For each individual scatterer, form of Eqn.(9) would be the same as it is. However, Eqn. (22) would be generalized, as,
where q x = k sin(θ) cos(φ)/2 as defined before. In Eqn. (28) , while the sinc function term corresponds to the contribution of a single slit in the classical limit, square bracketed terms correspond to the interference of the scattered waves coming from the two slits with the quantum correction in the denominator and phase in the numerator for the individual scatterer.
For N noninteracting scatterers in the left box and N noninteracting scatterers in the right box, Eqn.(23) can be generalized from Eqn. (28) , as,
where n j and n j are the quantum numbers (n j , n j = 1, 2, 3, ...) for the jth scatterer in the left box and right box (slit) respectively. If the system is now in thermodynamic equilibrium with a heat and particle reservoir at temperature T and chemical potential µ, then Eqn. (24) would be generalized from Eqn. (29), as,
where temperature dependence is there withn j = 1 e (En −µ)/k B T ∓1 in the squire bracket, and can be explored for identical Bose, Fermi, and distinguishable scatterers like that in Eqns. (25) , (26) and (27) respectively. Here the last factor, 2 cos π(b+L) sin(θ) cos(φ) λ , represents superposition of the scattering amplitudes for the scatterers in the two 1-D boxes, and corresponds to double slit scattering-interference.
Eqns. (28), (29) and (30), however, correspond to the particle-scattering amplitude (f (p) (θ, φ)) for a double slit under different situations. Furthermore we have to consider aperture-scattering amplitude to get the total scattering amplitude. Aperture-scattering amplitude for the double slit, due to the integrations:
e −ik ·x2î dx 2 over the aperture, would be generalized for the double slit (i.e. for two 1-D boxes), from Eqn. (14) , as,
Now, total scattering amplitude would be f (θ,
, and the total differential scattering cross-section would be D(θ, φ) = |f (θ, φ)| 2 where f (p) (θ, φ) is different for different situations as described in Eqns. (28), (29) and (30) . Thus, temperature dependence of the total differential scattering cross-section, for the scatterers in the double slit, can be expressed, as,
Quantum scattering for quantum scatterers in a 1-D grating
Let us now consider the ideal particle-scatterers, which interact only with the incident 'particle' by the delta potential V int (r) = g j δ 3 (r−x jî ) (where x jî is position of the jth scatterer), in a 1-D grating of N /2 double slits with spacing b + L as mentioned in the previous subsubsection. Let there be N l scatterers in the lth 1-D box (slit) in the left side, and N r scatterers in the rth 1-D box (slit) in the right side. Thus, for this case, particlescattering amplitude in Eqn. (29) , would be generalized, as
If the system is now in thermodynamic equilibrium with a heat and particle reservoir at temperature T and chemical potential µ, then Eqn.(33) would be generalized from Eqn. (30), as,
where n (l) j = 1, 2, 3, ... is the quantum number for the jth scatterer in the lth box (slit), and d = b + L is the separation of the two consecutive slits. Aperture-scattering amplitude can be generalized for the 1-D grating, from Eqn. (31) , as,
Temperature dependence of the total differential scattering cross-section, for the quantum scatterers in the 1-D grating, can be expressed, as,
C. Quantum scatterers in a 2-D rectangular box
In the previous subsections we have considered 1-D box (single slit) of length L as a limiting case of a 2-D rectangular box of length L along x-axis and height D along y axis such that L D and kD 1 keeping areaĀ of the aperture as nonzero finite constant. Let us now consider the general case of the 2-D rectangular box (rectangular aperture) of sizeĀ = LD and a scatterer in it. The scatterer scatters the incident 'particle' Ae ikz , as stated before, by the interacting potential V int (r) = gδ 3 (r−r ⊥ ), where r ⊥ = x 0î + y 0ĵ is position of the scatterer in the rectangular aperture such that −L/2 < x 0 < L/2 and −D/2 < y 0 < D/2. Particle-scattering amplitude, if the scatterer is fixed at r = r ⊥ , can be generalized from Eqn. (9) as f (p) (θ, φ) = − mg 2π 2 e −ik ·(x0î+y0ĵ) . Eigenstate of the scatterer can be written as
for n x , n y = 1, 3, 5, ... and n x , n y = 2, 4, 6, ... respectively, and
for the odd-even combination. Energy eigenvalues corresponding to the above states are given by
Thus, for the quantized motion of the scatterer, particle-scattering amplitude can now be generalized from Eqn.(10), as,
where q x = k sin(θ) cos(φ)/2 and q y = k sin(θ) sin(φ)/2 as defined before. Here we see that q x and q y parts in the particle-scattering amplitude appear in separable form as motions of the scatterer are independent along x and y direction. On the other hand, aperture-scattering amplitude (f (a) (θ, φ)), for this case, has already been calculated in Eqn. (13) , so that, total differential cross-section can be generalized from Eqn. (16), as,
We plot the differential cross-section in FIG. 3 for relevant values of parameters for the scatterer(s) in the 2-D box.
Temperature dependence and other aspects of the total differential scattering cross-section for one and many quantum scatterers in a rectangular aperture can be similarly obtained by multiplying the y dependent part of the scattering amplitude, like that in Eqn.(39), in the right hand sides of Eqns. (17) to (27) . Similar generalization is also possible for scatterers in a 2-D double rectangular slits, 2-D grating, etc. In the previous subsections we have considered particle-scatterers in different form of box geometry. Let us now consider a scatterer as particle in a 1-D harmonic trap potential V (r 0 ) =
where ω x is the angular frequency of oscillations, and r 0 = x 0î is the position of the scatterer such that −∞ < x 0 < ∞. We again consider the scatterer to scatter the incident 'particle', Ae ikz , by the interacting potential V int (r) = gδ 3 (r − x 0î ). Particle-scattering amplitude, if the scatterer is fixed at r = x 0î , would be the same as that it Eqn. (9) as
. Normalized energy eigenstate of the scatterer, corresponding to the energy eigenvalue E nx = (n x + 1/2) ω x , can be written, as, [15] 
where l x = /M ω x is the confining length scale of the scatterer, and H nx (x 0 /l x ) is the Hermite polynomial of degree n x = 0, 1, 2, .... Thus, for the quantized motion of the scatterer, particle-scattering amplitude can now be expressed replacing the form of the eigenstate in Eqn. (10) by that in Eqn.(40), as,
where q x = k sin(θ) cos(φ)/2 as defined before, and L nx (2q where ω y is the angular frequency of oscillations along y direction, and r 0 = x 0î + y 0î is the position of the scatterer such that −∞ < y 0 < ∞. We again consider, that, the scatterer to scatter the incident 'particle', Ae ikz , by the interacting potential V int (r) = gδ 3 (r − x 0î − y 0ĵ ). In the previous subsection, specially with Eqn.(38), we have understood, that, scattering amplitude appears in separable form for the independent motions along the x and y directions. Thus, particle-scattering amplitude, for the 2-D case, would be
where ψ
nx,ny (x 0 , y 0 ) is the normalized energy eigenstate of the scatterer in the 2-D harmonic trap with energy eigenvalue E nx,ny = (n x + 1/2) ω x + (n y + 1/2) ω y and n y = 0, 1, 2, .... 
nx,ny,nz (x 0 , y 0 , z 0 ) is the normalized energy eigenstate of the quantum scatterer in the 3-D harmonic trap with energy eigenvalue E nx,ny,nz = (n x + 1/2) ω x + (n y + 1/2) ω y + (n z + 1/2) ω z , n z = 0, 1, 2, ..., ω z is the angular frequency of oscillation of the scatterer along the z direction, l z = /M ω z , andq z = −k(1 − cos θ)/2 = −k sin 2 (θ/2) which acts like an obliquity factor as that in Eqn. (13) .
In this subsection we are not mentioning about the aperture-scattering amplitude as because we are not considering the harmonic oscillator in an aperture. So, there is no aperture, and no questing of aperture-scattering.
Hence, for the case of harmonic trap, particle-scattering amplitude is the total scattering amplitude. Thus, total differential scattering cross-section for the 3-D harmonic scatterer, can be obtained from Eqn.(43), as,
We plot the differential cross-section in FIG. 4(a) for relevant values of parameters.
Quantum scattering for many quantum scatterers in a 3-D harmonic trap
Let is now consider N identical ideal particle-scatterers in 3-D harmonic trap as mentioned in the previous subsection [17, 20] . Above expression in Eqn.(43) can be generalized for these scatterers, all of which scatter the incident 'particle' (Ae ikz ) by the same delta potential (V int (r) = N j=1 gδ 3 (r − r j )), like that in Eqn. (23) as,
where n j = (n jx , n jy , n jz ) represents quantum numbers (0, 1, 2, ...) corresponding the energy eigenstate of the jth oscillator, andq · l = q x l x + q y l y +q z l z . From the discussion below Eqn. (23), it is clear that, Eqn. (45) is applicable not only for distinguishable scatterers, but also for Bose and Fermi scatterers as all the energy eigenstates are orthogonal. Let us now consider the ideal scatterers in thermodynamic equilibrium with its surroundings at temperature T and chemical potential µ. Scattering amplitude for the scatterers would now depend upon the temperature and chemical potential, and can be written like that in Eqn. (24), from Eqn. (25) , as,
represents no. of scatterers in the single-particle quantum state ψ n (r 0 ) = ψ nx,ny,nz (x 0 , y 0 , z 0 ) for Bose (−) or Fermi (+) scatterers, and E n = E nx,ny,nz = (n x + 1/2) ω x + (n y + 1/2) ω y + (n z + 1/2) ω z . Eqn. (46) is our prediction for the scattering amplitude for a harmonically trapped ideal Bose or Fermi gas at any temperature.
For T → 0, all the (N ) Bose scatterers occupy the ground state (n x = n y = n z = 0). Total differential scattering cross-section, in this situation, takes the form, from Eqn.(46), as, [29] . Eqn.(47) is our prediction for the differential scattering cross-section for 'particle' scattering from 3-D harmonically trapped Bose-Einstein condensate [30] . We plot the differential cross-section in  FIG. 4 Let us now consider an ideal gas of 2N Bose scatter-
0 /2, such that, frequency of oscillation is the same as that in the previous case, and the minima of double-well are separated along x-axis by a distance d [20, 31] . In thermodynamic equilibrium, for T → 0, all the particles condense to the ground state. Within the tight-binding approximation (which is valid for d l x ), there would be two distinct condensates of N scatterers in each well, such that each of the condensates scatters the incident 'particle' (Ae ikz ) like that in Eqn.(47). However, net scattering amplitude would be the superposition of the scattering amplitudes corresponding to the individual condensate as the setup is analogue of the double slit experiment [20, 32] . Thus, scattering from the two condensates would interfere like, that in Eqn.(32) for a 1-D double box, as,
Here we did not consider any Josephson oscillation as d l x [33, 34] . We plot the differential cross-section in  FIG. 4(c) for relevant values of parameters. Let us now consider N 3-D noninteracting BoseEinstein condensates in a 1-D optical lattice [18, 35] , such that two consecutive condensates are separated along xaxis by the lattice spacing d. Entire system is in thermodynamic equilibrium. For T → 0, all the condensates 
Since we have considered d l x , Eqn.(49) is true for Mott insulator phase of the condensates. We plot the differential cross-section in FIG. 4(d) for relevant values of parameters.
IV. CONCLUSIONS
In this article, we have presented a theory of quantum scattering, along with the quantum scattering due to aperture, for quantum scatterers in quantized bound states in different types of box geometry and potentialtrapped geometry. We also have explored temperature dependence of the quantum scattering even for 3-D ideal quantum gases in the restricted geometries. Light scattering from an extended quantum scatterer (BEC) although has recently been investigated, 'particle' scattering from any quantum scatterer essentially has not been investigated before us. Our prediction can be tested within the present day experimental setups.
All the calculations have been done within the scope of general readers, as because, most of the calculations involve Fourier transformations of the probability amplitudes of the quantum scatterers. Calculations are simple and straightforward, because we did not consider interaction among the quantum scatterers. Simplification also has happened due the δ 3 interaction between the 'incident' particle and a scatterer.
The simplification, however, could not stop us to probe the quantized motions of the scatterers in the spectrum of the coherent inhomogeneous and anisotropic scattering from all the spatial points available for a scatterer. Just by looking into the scattering-spectrum, specially, from the position of the sub-principal maxima in the differential scattering cross-section, one can easily determine energy eigenstate of a particle in a 1-D box. From the highest possible or lowest possible peak hight of the total forward scattering cross-section for a single slit, one can easily determine scattering length of an atom just by tuning width of the slit (1-D box). This measurement is also possible for scatterers in the 1-D grating with even better resolution.
We have constructed our theory for a single incident 'particle'. For a beam of N incident 'particles', A in Eqn.(2) would be replaced by √ N A, and all the results which depend on A would be scaled accordingly. However, the scattering amplitude, the differential scattering cross-section, and the total scattering cross-section are independent of A. So, all our result would be unaltered under this scaling.
Within the last two decades, a lot of experimental observation have happened on harmonically trapped ultracold Bose and Fermi gases. Our prediction of the scattering amplitude or differential scattering cross-section in Eqns. (46) to (49) may open interests to the experimentalists to study 'particle' scattering from laser trapped ultracold Bose and Fermi gases.
Our predictions involve Born approximation formalism of the quantum scattering theory. How to formulate, the theory of quantum scattering for quantum scatterers within the partial wave analysis, is kept as an open problem.
If we compare the scattering spectra of the scatterer in a box and that in a harmonic trap, we see presence of secondary maxima and minima for the first case. This is happening, as because, the boundary is rigid for the scatterer in the box geometry.
Our theory can be generalized, without much difficulty, for weakly interacting scatterers within perturbation formalism. However, how to generalize our result for strongly interacting scatterers, e.g. atoms in Feshbach resonance, is an open problem. Here we have neglected change in motion of the scatterer in the course of scattering as we have considered small mass for the incident particle. Generalization of our result for large mass of the incident particle is also an open problem. We consider condensates well separated in both the cases of double well and optical lattice. Generalization of results for the Josephson oscillation [33, 34] and superfluid phase specially around superfluid-Mott insulator transition [18, 37] are kept as open problems. In quantum theory, refraction can be thought of a quantum scattering of a 'particle'. In future, our theory can be extended towards the quantum theory of refractive index of a medium of cold quantum fluid.
mial of degree l, and h (1) l (kr) is the spherical Hankel function of the first kind which takes the form h wave [21] . The formula originally was given for a incident spherical wave [16] .
[44] This can be +ve also for attractive interaction (g < 0).
In that case, the phase difference would be 2π.
[45] This we can write from the formula for the Rayleigh scattering cross-section σs = 
